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THE 0-CONCORDANCE MONOID IS INFINITELY
GENERATED
IRVING DAI AND MAGGIE MILLER
Abstract. Under the relation of 0-concordance, the set of knotted
2-spheres in S4 forms a commutative monoid M0 with the operation
of connected sum. Sunukjian has recently shown that M0 contains a
submonoid isomorphic to Z≥0. In this note, we show that M0 con-
tains a submonoid isomorphic to (Z≥0)∞. Our argument relates the
0-concordance monoid to linear independence of certain Seifert solids in
the (spin) rational homology cobordism group.
1. Introduction
In this note, we study a restricted notion of concordance between 2-knots
in S4, called 0-concordance. Introduced by Melvin in [12], the relation of
0-concordance turns the set of knotted 2-spheres in S4 into a monoid under
the operation of connected sum. We call this the 0-concordance monoid
and denote it by M0. In [12], Melvin showed that Gluck twists along 0-
concordant 2-knots produce diffeomorphic homotopy 4-spheres. It is thus a
natural question to ask about the size of M0. See Section 2 for definitions
and further discussion.
In [17], Sunukjian showed that M0 is nontrivial, and gave an explicit
submonoid isomorphic to Z≥0. In this note, we show that a straightforward
extension of his argument gives the following method for studying M0:
Theorem 1.1. Let S1 and S2 be 2-knots, and suppose that S1 and S2 bound
embedded punctured rational homology spheres Y˚1 and Y˚2, respectively. If S1
and S2 are 0-concordant, then there exists a spin rational homology cobor-
dism from Y1 to Y2 (for some choice of spin structure on Y1 and Y2).
The proof of Theorem 1.1 is an easy consequence of previous techniques used
by various authors [17], [11], but we have been unable to find a statement
of this result in the literature.
Theorem 1.1 immediately allows us to obtain many linearly independent
families in M0.1 Indeed, let {Si} be a family of 2-knots, and suppose that
each Si bounds an embedded Seifert solid Y˚i, where Yi is a rational ho-
mology sphere. Then any (non-negative) connected sum #ciSi bounds the
1991 Mathematics Subject Classification. 57Q45, 57Q60.
1Here, by a linear relation in M0, we mean a 0-concordance between two connected
sums #ciSi and #cjSj , with all coefficients non-negative (sinceM0 is a monoid). Linear
independence is then defined in the obvious way.
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2 IRVING DAI AND MAGGIE MILLER
punctured rational homology sphere Y˚ , where Y = #ciYi. It follows from
Theorem 1.1 that a nontrivial linear relation among the [Si] in M0 induces
a nontrivial linear relation among the [Yi] in the spin rational homology
cobordism group ΘspinQ .
It thus suffices to find families of 2-knots admitting Seifert solids which
are linearly independent in ΘspinQ . We list several such families which follow
more-or-less directly from various results appearing in the literature. Our
first example is an immediate consequence of work of Aceto, Celoria, and
Park [1], who studied rational homology cobordisms between lens spaces:
Corollary 1.2. Let T be any linearly independent family of 2-bridge knots
in the (classical) knot concordance group. Let
F = {[S] | S is the 2-twist spin of K ∈ T }.
Then F is linearly independent in M0. For example, we may take T to be
the set of torus knots T (2, p), for p ≥ 3 odd.
Proof. By [19], the 2-twist spin of a knot K bounds (a punctured copy of)
its double branched cover Σ2(K). According to [1, Proposition 2.7], there is
an isomorphism
β2|B : B → 〈{L(r, s) | r odd}〉
where on the left, B is the subgroup of the classical knot concordance group
generated by 2-bridge knots, and on the right we have the subgroup of
the rational homology cobordism group ΘQ generated by lens spaces L(r, s)
for r odd. The map β2 is given by taking double branched covers. In
particular, taking the double branched covers of any linearly independent
family T ⊆ B yields a linearly independent family of lens spaces in ΘQ.
These lens spaces are still linearly independent under the more restrictive
relation of spin rational homology cobordism, so applying Theorem 1.1 gives
the desired result. The last part of the claim follows from the well-known fact
that the 2-bridge torus knots T (2, p) (p > 1 odd) are linearly independent
in the knot concordance group. 
In Corollary 1.2, we did not use the fact that Theorem 1.1 produces a
spin rational homology cobordism. Spin rational homology cobordisms can
be studied via Floer-theoretic techniques such as involutive Heegaard Floer
homology [7]. In [5], a systematic method is presented for obstructing spin
rational homology cobordisms between linear combinations of Seifert fibered
integer homology spheres.2 This is especially useful since the Brieskorn
spheres Σ(p, q, r) (with p, q, and r positive and coprime) arise naturally as
Seifert solids of the following twist-spin 2-knots:
(1) Σ(p, q, r) is the p-fold branched cover of the torus knot T (q, r), and
hence (by [19]) is a Seifert solid for the p-twist spin of T (q, r)
2As written, [5] only obstructs integer homology cobordism between such 3-manifolds,
but the methods of that paper carry over without change to spin rational homology
cobordism.
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(2) Σ(p, q, r) is the double branched cover of the Montesinos knot of type
k(p, q, r) (see the notation of [14, Section 1]), and hence (by [19]) is
a Seifert solid for the 2-twist spin of k(p, q, r)
Note that in general, the p-twist spin of T (q, r) is not the same as the 2-twist
spin of k(p, q, r). (See [6], [13].) We thus immediately obtain:
Corollary 1.3. Let {Σ(pi, qi, ri)}i∈N be any family of Brieskorn integer ho-
mology spheres whose elements are linearly independent in ΘspinQ .
3 Then the
families
F1 = {pi-twist spin of T (qi, ri)}i∈N
and
F2 = {2-twist spin of k(pi, qi, ri)}i∈N
are each linearly independent in M0. For example, we may choose
pi = 2i+ 1,
qi = 4i+ 1, and
ri = 4i+ 3.
Proof. In [5], it is shown that the Brieskorn spheres Σ(2i+1, 4i+1, 4i+3) (for
i ≥ 1) are linearly independent in ΘspinQ . (As written, [5] obstructs integer
homology cobordism, but the methods of that paper carry over without
change to spin rational homology cobordism.) 
Another interesting linearly independent family is given by considering
the Brieskorn spheres with
pn = 2n+ 1,
qn = 3n+ 2, and
rn = 6n+ 1,
for n ≥ 1 odd. In [3], it is shown that the Brieskorn spheres Σ(pn, qn, rn) are
linearly independent in the homology cobordism group. (Again, [3] deals
with integer homology cobordism, but the methods of that paper carry over
without change to spin rational homology cobordism.) It is not difficult to
see that for this family, k(pn, qn, rn) is the pretzel knot P (−pn, qn, rn). Thus
the 2-twist spins of the P (−pn, qn, rn) are linearly independent inM0. Note
that P (−pn, qn, rn) (for n ≥ 1 odd) has trivial Alexander polynomial (see
[4]), and hence the 2-knots in question have trivial Alexander ideals.
Taking any of the families discussed above, we have:
Theorem 1.4. The 0-concordance monoid contains an infinitely generated
submonoid isomorphic to (Z≥0)∞.
3Note that we require Σ(pi, qi, ri) to be an integer homology sphere, even though we
consider spin rational homology cobordism. This means that for each i, we have that pi,
qi, and ri are coprime.
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2. Background and Definitions
In this section, we briefly review some relevant definitions and give some
motivation for the study of 0-concordance. Recall that an oriented 2-sphere
which is smoothly embedded in S4 is called a 2-knot. We say that two 2-
knots K1 and K2 are concordant if there is a smoothly embedded cylinder
S2×I ⊆ S4×I whose boundary is the disjoint union ofK1×{0} andK2×{1}.
In this note, we study a restricted notion of concordance introduced by
Melvin [12]. One reason for this is the following well-known theorem of
Kervaire [8]:
Theorem 2.1 (Kervaire [8]). Every 2-sphere smoothly embedded in S4 is
the boundary of a 3-ball smoothly embedded in B5.
Thus, even though knot concordance is a rich subject in the classical case
of knots in S3, the concordance group of knotted 2-spheres in S4 is trivial.
We thus instead have:
Definition 2.2 (Melvin [12]). We say that two 2-knots K1 and K2 in S
4
are 0-concordant if there exists a smooth embedding f : S2 × I → S4 × I
such that:
(1) We have f(S2 × {0}) = K1 × {0} and f(S2 × {1}) = K2 × {1}; that
is, f constitutes a concordance.
(2) The height function h : S4 × I → I (given by projection onto the
second factor) is Morse when restricted to the image f(S2 × I).
(3) For each t ∈ [0, 1], the cross-section f(S2 × I) ∩ h−1(t) is either
singular or a disjoint union of 2-spheres.
If K is 0-concordant to the unknotted 2-sphere, then we say K is 0-slice.
Using Definition 2.2, we form a commutative monoidM0 whose elements
are equivalence classes of 2-knots under the relation of 0-concordance. The
monoid operation is given by connected sum, while the identity is given by
the class of the unknot in S4. Note that if K is a 2-knot, then we do not
necessarily expect K#−K to be 0-slice.
In [12], Melvin showed that if K1 and K2 are 0-concordant, then the Gluck
twists of S4 about K1 and K2 are diffeomorphic homotopy 4-spheres. This
leads to the following natural question:
Question 2.3 (Kirby Problem 1.105(A) [9] (partial)). Is every 2-knot 0-
slice?
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In [17], Sunukjian gave a negative answer to Question 2.3 by producing an
infinite family of 2-knots which are distinct up to 0-concordance. Sunukjian’s
argument utilized the following obstruction:
Theorem 2.4 (Sunukjian [17]). Let S1 and S2 be 2-knots, and suppose that
S1 and S2 bound embedded punctured rational homology spheres Y˚1 and Y˚2,
respectively. If S1 and S2 are 0-concordant, then d(Y1, s1) = d(Y2, s2), where
si is the spin
c structure on Yi induced from the spin
c structure on S4.
Note that since the d-invariant is a rational homology cobordism invariant,
Theorem 1.1 is evidently a strengthening of Theorem 2.4.
Corollary 2.5 (Sunukjian [17]). The 0-concordance monoid contains a sub-
monoid isomorphic to Z≥0.
Proof. This follows immediately as in Section 1 by producing a Seifert solid
with nonzero d-invariant. Indeed, let S be the 5-twist spun trefoil. Then
S bounds a punctured Poincare´ homology sphere Y˚ in S4. (As described
previously, the 5-fold cover of S3 branched along T (2, 3) is the Poincare´
homology sphere Σ(2, 3, 5).) Since #nS bounds a punctured copy of #nY
and d(nY ) = 2n, it follows from Theorem 2.4 that [Y ] is not torsion in
M0. 
3. Proof of Theorem 1.1
We now turn to the proof of Theorem 1.1. For convenience of the reader,
we describe the geometric setup of Sunukjian [17]:
Definition 3.1. We say that two 2-knots S1 and S2 in S
4 are ribbon con-
cordant if there exists a smooth embedding f : S2 × I → S4 × I such that:
(1) We have f(S2 × {0}) = S1 × {0} and f(S2 × {1}) = S2 × {1}; that
is, f constitutes a concordance.
(2) The height function h : S4 × I → I (given by projection onto the
second factor) is Morse when restricted to the image f(S2 × I).
(3) Every critical point of h restricted to f(S2 × I) is either of index
zero or index one.
If there is a ribbon concordance from the unknotted 2-sphere to K, then we
say K is ribbon.
Note that unlike 0-concordance, ribbon concordance is not a symmetric re-
lation. Sunukjian’s observation was that a 0-concordance can be decom-
posed into two ribbon concordances, each from one end of the original 0-
concordance to the 2-knot in the “middle cross-section”:
Lemma 3.2 ([16]). If S1 and S2 are 0-concordant 2-knots, then there exists
a 2-knot R so that there is a ribbon concordance from K1 to R and also a
ribbon concordance from K2 to R.
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Proof. Let M denote the embedded cylinder f(S2 × I) afforded in the defi-
nition of 0-concordance. The Morse function h|M induces a handle decom-
position of M relative to S1 × {0}. Because M is connected, there are at
least as many 1-handles as 0-handles in this decomposition.
If there are more 1-handles than 0-handles, then because M ∼= S2 ×
S1, some 1-handle H1 must cancel algebraically with a higher 2-handle H2
corresponding to an index-2 critical point of f whose image lies in some
S4 × t0. Then Σ := M ∩ S4 × t0 −  contains the belt sphere of H1 and
the attaching sphere of H2. These circles intersect algebraically once, so
must be essential in Σ. This contradicts Σ being a genus-zero surface. By
contradiction, there must be an equal number of 0- and 1-handles in M .
That is, h|M has an equal number of index-0 and index-1 points.
Isotope f to reorder the critical points of h|M to be in order of increasing
index, with the index-0 and index-1 critical points in S4 × (0, 1/4) and the
index-2 and index-3 critical points in S4 × (3/4, 1). Let R = M ∩ (S4 ×
{1/2}). Then M ∩ (S4 × [0, 1/2]) is a ribbon concordance from K1 to R,
and (S4 × [1/2, 1]) (when viewed backwards) is a ribbon concordance from
K2 to R. 
The crucial point of Lemma 3.2 is that Seifert solids for S1 and S2 induce
Seifert solids for R, as follows:
Lemma 3.3 ([17], [18]). Let S be a 2-knot which bounds a punctured Seifert
solid Y˚ in S4. Suppose that there is a ribbon concordance from S to R.
Then R bounds Y˚#k(S
1 × S2) for some non-negative integer k.
Proof. Using the ribbon concordance from S to R, we see that R bounds an
immersed copy of M˚ , which we denote by V . More precisely, V is obtained
from M˚ by adding disjoint 3-balls (one for each index zero point of the
ribbon concordance) and then tubing then to M˚ along three-dimensional
1-handles (one for each index one point of the ribbon concordance) which
may intersect the interior of M˚ .
We then resolve the self-intersections of V by cut-and-paste surgery to
find a 3-manifold V ′ embedded in S4 with ∂V ′ = R. (See Figure 1.) Each
cut-and-paste operation replaces a 3-ball in V (containing a region of self-
intersection in its interior) with a punctured S1 × S2. Hence we see that
V ′ ∼= M˚#k(S1 × S2) for some k ≥ 0. 
Now let S1 and S2 be 0-concordant 2-knots that bound Seifert solids Y˚1
and Y˚2 in S
4. Using Lemmas 3.2 and 3.3, we obtain a 2-knot R which
bounds two distinct Seifert solids given by stabilizations Y˚1#k1(S
1 × S2)
and Y˚2#k2(S
1 × S2) for some k1, k2 ≥ 0. For convenience, we denote
M1 = Y1#k1(S
1 × S2) and
M2 = Y2#k2(S
1 × S2).
Note that M˚1 and M˚2 are each individually embedded in S
4, although they
may intersect each other. We now surger S4 along R to obtain a 4-manifold
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Figure 1. Top: A movie of a ribbon self-intersection of a 3-
manifold V ribbon-immersed in S4. The fourth dimension is
taken to be time; at each time we see a 3-dimensional picture.
In this picture there are two local sheets of V which intersect
in a disk. Bottom: We resolve the ribbon self-intersections
of V to find an embedded submanifold V ′ of S4. We have
V ′ ∼= V#k(S1 × S2), where k is the number of ribbon self-
intersections of V in S4.
X with the integer homology of S1×S3. This allows us cap off M˚1 and M˚2
to obtain embeddings of M1 and M2 into X. It is easily checked that these
are cross-sections of X; that is, M1 and M2 represent generators of H3(X).
Developing invariants for such cross-sections has been studied extensively
by several authors. Behrens-Golla [2] and Ruberman-Levine [10] have both
defined “twisted” versions of the Heegaard Floer d-invariant which can be
used to obstruct whether two given cross-sections can appear at the same
time. Indeed, Sunukjian’s original proof of Theorem 2.4 used the twisted
d-invariant developed by Behrens-Golla. Here, however, we will sidestep
the need for these newer invariants by reducing the question to one of spin
rational homology cobordism.
Proof of Theorem 1.1. Let X, M1, and M2 be as above. Let Xp be a p-fold
cover of X, where p is some large prime. Then Xp has the rational homology
of S1 × S3 [15]; and if p is large enough, then we can find lifts of M1 and
M2 in Xp which are disjoint cross sections. Let W be one component of
Xp \ (M1 ∪M2), so that W is a cobordism from M1 to M2. We claim that
i∗ : H2(∂W ;Q) → H2(W ;Q) is surjective. This follows immediately from
the Mayer-Vietoris sequence
· · · → H2(∂W ;Q)→ H2(W ;Q)⊕H2(W c;Q)→ H2(Xp;Q) = 0,
where W c is the other component of Xp \ (M1 ∪M2). (One can also use the
fact that the absolute intersection form on W vanishes identically.) Note
that W is spin, being a codimension-zero submanifold of a spin manifold.
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Now attach four-dimensional 3-handles to each end of W along the non-
torsion generators of H2(M1;Z) and H2(M2;Z). That is, recalling that M1
and M2 are stabilizations of the rational homology spheres Y1 and Y2, attach
3-handles along an essential S2 in each S1 × S2 summand of M1 and M2 to
obtain a cobordism W ′ from Y1 to Y2. Since i∗ : H2(∂W ;Q) → H2(W ;Q)
is surjective, this has the effect of killing the second homology and making
H2(W
′;Q) = 0. It is not difficult to check that W ′ is also spin. Indeed, each
3-handle attaching region is just S2 × I. This has a unique spin structure,
which evidently extends over the 3-handle.
Without loss of generality, we may further assume that b1(W
′) = 0 by
surgering out representatives of the generators of H1(W
′;Z). More precisely,
let γ be a curve representing a nontorsion generator of H1(W
′;Z), and cut
out a neighborhood ν(γ) of γ in W ′. There are two choices of framing when
gluing in D2×S2 to ∂ν(γ) ∼= S1×S2; we choose the framing so that the spin
structure of W ′ restricted to ∂ν(γ) extends over the glued-in D2×S2. Since
γ is not rationally nullhomologous, it is easily checked that H2(W
′′;Q) = 0.
We thus have obtained a spin cobordism W ′′ between Y1 and Y2 with
H1(W
′′;Q) = H2(W ′′;Q) = 0. Since ∂W ′′ is the disjoint union of two ratio-
nal homology spheres, it follows from Poincare´ duality that H3(W
′′;Q) = Q.
Hence W ′′ is a spin rational homology cobordism from Y1 to Y2. 
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